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Abstract. We consider a simple random walk of length N, denoted by (Si)i£{i t ...,N}, and 
we define (wi)i>\ a sequence of centered i.i.d. random variables. For K £ N we define 
((7i~ , ■ • ■ , 7i ))i>i an i.i.d sequence of random vectors. We set /? £ I, A > and h > 0, 
and transform the measure on the set of random walk trajectories with the Hamiltonian 
^J2iLi( w i + ft) sign (Si) + PYlf=-K Sj=i7i l{S 4 =j}- This transformed path measure de- 
scribes an hydrophobic(philic) copolymer interacting with a layer of width 2K around an 
interface between oil and water. 

In the present article we prove the convergence in the limit of weak coupling (when X, h 
and P tend to 0) of this discrete model towards its continuous counterpart. To that aim we 
further develop a technique of coarse graining introduced by Bolthausen and den Hollander in 
[B]. Our result shows, in particular, that the randomness of the pinning around the interface 
vanishes as the coupling becomes weaker. 

Keywords: Polymers, Localization- Derealization Transition, Pinning, Random Walk, Weak 
Coupling. 
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1. Introduction and main results 

1.1. A discrete model of copolymer with adsorption. We consider a copolymer of N 
monomers, and an interface separating two solvents (for example oil and water). The interface 
runs along the x-axis. The possible configurations of the polymer are given by the trajectories 
of a simple random walk S = (Si)i>i of length N such that Sq = and (Si — 5j_i)j>i is an 
i.i.d. sequence of Bernoulli trials satisfying P(S\ = ±1) = 1/2. We let Aj = sign(Sj) when 
Si ^ and Aj = Aj_i otherwise. In size N we take into account the interactions between the 
polymer and the medium by associating with each trajectory S the Hamiltonian 

N K N 

i=l j=—K i=l 

where A, h > 0, (3 G R, w = (wi)i>\ is an i.i.d. sequence of bounded and symmetric random 
variables and 7 = ({% K , ■ ■ ■ ,7f ))i>i is an i.i.d. sequence of random vectors (w and 7 being 
independent). We stress that w and 7 are defined under the probability P and that the variables 
, ■ ■ ■ are independent but can have different laws. This Hamiltonian allows to define 

D w,-y 
N,0,X,h 



the polymer measure P N '2 A ■ as 



dP N,lx,h f ^ _ exp 



This discrete model has already been investigated in physics (see |14j or |21j ) and math- 
ematics (see |13| ) in the case K = and under the name copolymer with adsorption. This 
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model is very natural, because it interpolates between two classes of models that have received 
a lot of attention in the literature: 

• The pure pinning model, which is obtained by setting A = 0. In this case only the 
interaction with the layer around the origin is activated. This model has been studied 
in the case K = 0, for instance in [3], [2], [15], [17] . 

• The random copolymer model, which is obtained by fixing j3 = 0. In this case only 
the interaction between the monomers and the two solvents is activated. It has been 
studied for instance in [6], [5J, [5]. 

In general, these two models undergo a localization-delocalization phase transition, which 
results from an energy-entropy competition. In fact, in both cases, some trajectories are en- 
ergetically favored with respect to the others. In the pinning case, it concerns the trajectories 
that remain close to the interface to touch the sites that carry a positive reward f3jj as of- 
ten as possible. In the copolymer case, for every i £ {1,...,N} Wi + h > (respectively 
Wi + h < 0) means that the i-th monomer is hydrophobic (resp. hydrophilic) and therefore, 
the energetically favored trajectories cross the interface often to put as many monomers as 
possible in their preferred solvent. In both cases, these favored trajectories are localized in the 
neighborhood of the interface. Therefore, they carry much less entropy than the trajectories 
which wander away far from the interface. 

At this stage we introduce the free energy of the system that will be a key tool to define 
the localized and delocalized regimes. Thus, for N G N and every disorder (w, 7) we define 

^gZ w N } Xh = ^/<{^\h)- (1-3) 

We recall that (w, 7) are defined under the law P and we denote by <&/v(/3, A, h) the quantity 
E(<I>^' 7 (/?, A, h)). Henceforth, we assume that E(exp(/3|7^|)) < 00 for every j3 G R and j £ 
{-K,...,K}. 

Proposition 1.1. For every (3 £ R, A > 0, h > 0, there exists a non random real number, 
denoted by $(/?, A, h), such that P almost surely in (w,7) 

lim $™' 7 (/?,A,/i) = $(p,\,h). 

N^oo 

This convergence occurs also in h , which entails the convergence of $>n((3, A, h) to A, h) 
as N tends to 00. The limit $(/?, A, h) is called the free energy of the model. 

This proposition has been proven in different papers for quantities similar to Z^f 1 ^ x h (see 
[10] or [IT] for example). In our case, the difference comes from the fact that the disorder is 
spread out over a layer of finite width around the interface, but the proof remains essentially 
the same and is left to the reader. We also notice that $(/3, A, h) is continuous and separately 
convex. 

1.2. The continuous model. We define in this section the continuous counterpart of the 
discrete model. In size t, the configurations of the polymer are given by the set of trajectories 
of the Brownian motion (B s ) se ^ t y The Hamiltonian associated with every trajectory B is 

Hfl h (B) = A / A(s)(dR s + hds) + 0L° t , (1.4) 
' Jo 

where L® (or Lj when there is no ambiguity) is the local time spent at by B between time 
and time t. As in the discrete case we set A, h > 0, (3 £ R and A s = sign(_B s ). We denote by 
P the law of R = (R S ) S>Q , which is a standard Brownian motion, independent of B such that 
dR s plays the role of Wi. 
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As in the discrete case, we define the polymer measure of length t by perturbing the law P 
of the Brownian motion B as follows 

dP?t h exp (#*'*(£)) 

For every t > and every disorder R we introduce the free energy of the system of size t, 
denoted by <&f, as 

hogZ^ R xh = ^(f3,X,h). (1.6) 
We also denote by A, h) the quantity E($f (/3, A, /i)). 

Proposition 1.2. For every /3 G R ; A > 0, /i > 0, there exists a non random real number, 
denoted by <£(/?, A, h), such that P almost surely in R 

lim $?(j3,\,h)=*(j3,\,h). 

t— >oo 

^4s in i/ie discrete case this convergence occurs also in L 1 , and therefore <!>(/?, A, /i), which is 
the free energy of the model, is the limit of $>t(/3, A, h) as t tends to oo. 



A proof of Proposition 11.21 in the case (3 = is available in [TO]. This proof is adapted in [18] 
to cover the case (3^0. We also notice that A, h) is continuous, separately convex and 
non-decreasing in (3. 

1.3. Localized and delocalized regimes. In the discrete and the continuous model, the 
free energy gives us a tool to decide, for every A, h), whether the system is localized or 
not. Observe that if we set Dn = {S : Si > K V i £ {K + 1, . . . , N}} and use P(D^) = 
(1 + o(l))c/y/~N and the law of large numbers we have P-a.s. 

$(/?, A, h) > liminf 1 log E [ exp (A Zli (™i + h) + (3 Eli 1) 1{d n} ] > Xh. (1.7) 

We will say that the polymer is delocalized when <&(/?, A, h) = Xh, because the trajectories in 
Dn essentially determine the free energy, and localized when $(/3, A, h) > Xh. The (f3,X,h)- 
space is divided into a localized phase, denoted by £, and a delocalized phase, denoted by V. 
It is now well understood (see in particular [Tl] and [13j ) that such a free energy dichotomy 
does correspond to sharply different path behaviors. 

In the continuous case, by considering the subset Dt = {B : B s > V s £ [1, i]}, a 
computation similar to (jl.7p shows that A, h) > Xh. Therefore we can use the same 
dichotomy used in the discrete case to characterize C and T>. 

Critical curve. For 7, w, R, K and (3 fixed, both for the discrete and continuous models 
there exists a critical curve A \—* hc{X) (hc(X) in the continuous case), which divides the 
(A,/i)-space into C = {(X,h) : h < /if (A)} and V = {(X,h) : h > h%(\)}. In fact, by 
differentiating with respect to h we obtain for every N > 1 and t > that $tv(/3, A, h) — Xh 
and <&t(/J, A, h) — Xh are non increasing in h. Therefore $(/3, A, h) — Xh and < I > (/3, A, h) — Xh are 
also non increasing in h and we can simply define h% (A) = M{h > : $(/?, A, h) - Xh = 0} 
and /if (A) = inf{/i > : $(/?, A, h) - Xh = 0}. 

The scaling property of the Brownian motion entails the equality $(a/3, aA, a/i) = a 2 &((3, A, /i) 
for every a > 0. From this it follows that h^{X) = XK% with K% = m£{h > : 5>(/3, l,h)-h = 
0}. Notice that the quantity i^c can be viewed as a critical curve in the (/?, /i)-plane for A = 1 
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and is non-decreasing in /3. Moreover, since (/?, h) i— ► <3?(/3, 1, /i) — /i is convex, we prove easily 
that j3 i— > if;? is convex. 

Remark 1.3. Observe that for some values of A and j3 the critical value hc(X) can be infinite. 
In section 12.41 we give certain conditions under which this happens. We prove also, for the 
continuous model, that < oo and /if (A) < oo for all (5 E M. 

As a consequence, (3 i— ► i£"c is continuous on M because it is convex and finite. 

1.4. Discussion of the model and main results. Before studying more in depth the 
mathematical properties of the model, we recall that one of the physical situations that can 
be modelled by such systems is a polymer put in the neighborhood of an interface between 
two solvents (see [6]). Nevertheless, the models considered up to now do not take into account 
that such an interface has a finite width, that is to say, a small layer in which the two solvents 
are more or less mixed together. In this sense, the model developed here gives a more realistic 
image of an interface. Moreover, this model allows us to consider other physical situations. For 
instance, a case in which micro-emulsions of a third solvent are spread in a thin layer around 
the interface. 

Former results about the model . We can roughly classify the results available for polymer 
models in two categories. On the one hand the results concerning the path behavior of the 
polymer. In fact, the separation between the localized and delocalized phases has an inter- 
pretation in terms of trajectories of the polymer. We refer to pQ, [5], |llj . |13j . [22j for sharp 
results about the path behavior of the copolymer in C and we refer to [12] for further results in 
T>. On the other hand, the results concerning the free energy (<£): this problem arises only in C 
since $ is constant in P. In this last category, we can mention for instance the strong results 
about disordered pinning obtained recently in [2], in particular concerning the comparison 
between quenched and annealed critical curve at weak disorder. 

Regularity and scaling limit of the free energy. For both the copolymer and the pinning model 
the free energy <I> is complicated inside C and an important question is to figure out if another 
phase transition can occur inside C The answer is partially given for the case K = in [13J, 
where a proof of the infinite differentiability of the free energy inside C is given. This proof 
is based on a result, that was first given in [22] and [5] for the copolymer without adsorption 
and asserts that in C the laws of the polymer's excursions are exponentially tight. From this 
tightness, certain correlation inequalities are deduced that are sufficient to prove the infinite 
differentiability of the free energy inside C. Therefore, there is no other phase transition, at 
least of finite order, inside the localized phase. 

The scaling limit of the discrete model is also a question that has been closely studied 
recently. In fact, in the case of the copolymer without adsorption (/? = 0), a continuous model 
is introduced in [6] and it turns out to be the limit of the discrete model at high temperature, 
i.e., when the coupling parameters A and h tend to 0. The results in [6] deal with the case of 
w taking values ±1 and focus on the free energy, i.e, 

lim -^<f>(Q,a\,ah) = $(0,\,h). (1.8) 
a— >o a z 

This has been generalized in [12] to a large class of random variables w and it is of interest 
in terms of universality of the Brownian limit as we are going to explain. Effectively, it shows 
that, when the coupling constants become weak, the Brownian models "attracts" any discrete 
model, regardless of its charge distribution. The proof is based on a coarse-graining method. 
In fact, for fixed parameters (aA, ah) the ./V steps of the polymer are partitioned into blocks 
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of finite and constant size L(a). It turns out that the characteristic size of the excursions 
for a small is of order 1/a 2 . Then, by choosing L(a) of order 1/a 2 , one can, block by block, 
approximate the free energy per steps of the discrete model by the one of the continuous 
model. When N tends to oo the number of blocks tends to do, but an ergodic property of the 
blocks allows to convert the approximation per block into the convergence (|1 .8|) involving the 
discrete and the continuous free energies in infinite size. In [6] it is shown that the convergence 
occurs for the slope of the critical curve at the origin as well, i.e., lining h®(\)/\ = K®. 

Main results . In this article, we extend the scaling limit of the free energy given in [6] to the 
model of a copolymer with adsorption introduced above. We aim particularly at understanding 
how the random pinning is modified at high temperature. Some zones in the interacting layer 
around the origin carry a large number of high rewards and play a particular role from the 
localization point of view. Indeed, the chain can target these zones when it goes back to the 
origin in order to maximize the rewards. Consequently, some zones favor the localization of 
the polymer more than others (see [3] and [IZ])- Here the question is whether the passage 
to a very weak coupling preserves the randomness of these rewards or leads to a complete 
averaging of the disorder. 

We answer this question in Theorems 11.41 In fact, by generalizing the limit (11. 8j) to the 
case P ^ we prove the convergence of the discrete model to the continuous model, when the 
parameters tend to at appropriate speeds. The associated continuous model has a pinning 
term at the interface, given by the local time at of the Brownian motion B. Therefore, the 
randomness of the pinning term vanishes in the weak coupling limit. 

In what follows, we will use the notation 

E = Ej=_tfE(T0. (1-9) 

With the limit (jl.lip given in Theorem 11.4^ we prove that the partial derivatives of (A, pi) \—* 
hc(X) at the origin with respect to any vector (l,/3) (P S R) are only determined by the 
quantity /?£. This is also an important result in terms of universality of the continuous limit 
with respect to the disorder 7. In fact, it shows that the shape of the critical surface close to 
the origin only depends on E. 

Before stating Theorem II. 4^ we recall that the variables (7i)je{— ic,...,^} are allowed to have 
different laws, and we assume without loss of generality that E(u>f ) = 1. 

Theorem 1.4. Let P e R, A > 0, h > 0, and £ = T,f=-K E hi) • Then 

lim -=■ 9(a/3, aX, ah) = $ (/?£, A, h) (1.10) 

and 

]im^^-=K^. (1.11) 

We can derive from Theorem 11.41 some relevant information concerning two particular cases 
of the model. In a first part we consider the influence of a deterministic pinning term on the 
critical curve of a copolymer without adsorption. In a second part we consider the case of an 
homopolymer with adsorption. 



1.5. Two particular cases. 
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Influence of a depinning term on the critical curve. We consider here the copolymer model 
with a deterministic pinning term, i.e., K = 0, 7? = 1. Up to now the sensibility of the 
critical curve A i ^ h° c (X) to the presence of a pinning or depinning term is only very partially 
understood. Effectively, in the case (A, h) G T>, one can prove that choosing (3 large enough 
is sufficient to obtain h < hc(X), namely to pass from a delocalized regime to a localized 
regime. It can be done for instance by restricting the computation of the free energy to the 
random walk trajectories that come back to the origin every second steps. This leaves open 
the question whether a small (5 can transform the critical curve. 




A 



The situation does not get easier when (A, h) € C. In this case, it is useful to divide C into 
the two regions L\ and £2 separated by the curve A 1— ► h(X) = (3/4A) log E(exp(4Au>i/3)) (see 
Fig 1). In fact, the localization strategy displayed in [2] to prove that h(X) < h°(X) is not 
sensitive to the presence of a depinning term. This strategy consists in coming back to the 
origin only to target rare stretches of negative Wi. These rare stretches are of length I, and the 
energetic contribution of each of them is of order I whereas the depinning term contributes 
an energy O(l). Thus, for h < h(X) (i.e., (A,/i) £ £2), we can not chose (3 < such that 
h > h P c {\). 

The case (A, h) € C\ is harder to investigate and we must recall that the strict inequality 
h{X) < h®(f3) is not rigorously proven for the moment. However, some numerical evidences 
in [7] shows that L\ is not an empty set and contrary to what we just said about T> and £2, 
the influence of a depinning term in the region C\ is not understood at all. This leads to the 
following open problem: for (X,h) G C\, namely when h(X) < h < h®(\), can we find a large 
enough depinning term j3 < that leads to a derealization, i.e., h > he (A)? 

From this point of view, Theorem 11.41 is an improvement in the knowledge of the depinning 
influence in C\. Indeed, even if Theorem 11.41 does not directly answer this open problem, it 
connects it to another problem that may be easier to solve. Effectively, if one can prove, for 
example with an exact computation in the Brownian setting , that the continuous critical 
curve is sensitive to a depinning term, i.e., Kc < K® for certain (3 < 0, then Theorem II .41 will 
entail that the same < satisfies hf(X) = K^X{l + o{\)). This would prove that C shrinks 
under the influence of a depinning term, at least for A small. 

The homopolymer with adsorption. By fixing A = 1 and u>j = for i > 1, we can model a 
homopolymer instead of a copolymer. Effectively, in this case the polymer only consists of 
hydrophobic monomers, and its Hamiltonian is given by 



N K N 



(1.12) 
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This type of model, which we call /i-model, with a pinning term at the interface in competition 
with a repulsion effect (given here by h YliLi ^-i), has already been investigated in the literature 
(see [14] , or [8]). It has been proven, for instance, that some properties of the h- model can be 
extended to the wetting model by letting the parameter h tend to oo (see [18]). 

The free energy of the h- model is denoted by <J?(/3, h) and the localization condition is as 
before: (/?, /i) £ C when <£(/?, h) > h and ((3,h) G T> when <&(/?, h) = h. The critical curve 
of the /i-model, which separates the (h, /3)-plane into a localized and a delocalized phase, is 
denoted by n c (f3). This curve is increasing, convex and satisfies k c (0) = 0. 

At this stage, we must recall that w is assumed to satisfy ~R{w 2 ) = 1 in Theorem ll.4i 
Therefore, this theorem can not be applied directly to the /i-model. However, the proof of 
Theorem 1 1.4[ that we give in Section [3l can easily be extended to the /i-model, so that (jl.lOp 
can be restated in this 

lim \$(al3,a 2 h) = $(3E,h), (1.13) 

where <&(/3Y,, h) denotes the free energy of the continuous limit of the /i-model. The hamiltonian 
of this continuous limit is given by 

h [ A s ds + pZL t , (1.14) 
J o 

which is remarkable because the disorder disappears. Thus, we can compute explicitly some 
quantities related to For instance, we state the following proposition for the case S = 1. 

Proposition 1.5. Let j3 G K and h > 0. Then, 

$(P,h) = h if h>(3 2 and $(/3,/ l ) = |l + ^ if h<(3 2 . 

Since h 2 /(2/3 2 ) + /3 2 /2 > h when h < [3 2 , we obtain the continuous critical curve, i.e., k c (P) = 
(3 2 for E = 1 (see Fig. 2). 




Thanks to Proposition 11.51 we can give the asymptotic behavior, as f3 tends to 0, of some 
quantities linked to the discrete model. For instance, for the general /i-model, i.e. with £ not 
necessarily equal to 1, we can state the equivalent of (jl.llf) . that is 

lim ^1 = X 2 . (1.15) 

Proving (|1.15p requires to restate Theorem 12.31 (introduced below) for the h- model. This does 
not present any further difficulty, that is why we will not give the details here. Notice that the 



8 



NICOLAS PETRELIS 



limit 11.151 is conform to our intuition that a stronger pinning along the interface enlarges the 
localized area and, consequently, increases the curvature of the critical curve at the origin. It 
is also confirmed by the bounds on the critical curve found in |18j . 

Still with Proposition 11.51 we can differentiate &(h, (5) with respect to (5 and we find the 
asymptotic behavior of the reward average in the weak coupling limit. Indeed, if h < (3 2 , then 
by convexity of <J?jv hi P we can state that, a.s. in 7, 

K Ef 



lim lim 



1 rpO- 2 h,W 

~aN tj N,af3 



-K . 



h 2 



- 1 Til{s l= j} 

The same derivative with respect to h gives an approximation, for a small, of the time pro- 
portion spent by the polymer under the interface, i.e., 

-,o?h,w 



lim lim E Nap 



Y^ N A- 



N 



1.6. Organization of the paper. In section[2l we will state and prove some technical results 
that turn out to be useful in the proof of Theorem 11.41 More precisely, in section 12.11 we 
consider the local time spent by the random walk in a finite layer around the interface after 
N steps. We rescale the later by y~N and we prove its convergence, in terms of exponential 
moments, towards the local time spent at the origin by the Brownian motion between times 
and 1. In section [2T3l we introduce the Theorem 12.31 from which Theorem 11.41 will be deduced. 
Theorem 12.31 is essentially technical and consists in comparing the continuous free energy and 
the discrete free energy when the coupling is weak. Finally, in Section 12.41 we provide some 
conditions of finiteness for h c and h c . 

Section [3] is essentially dedicated to the proof of Theorems 11.41 and 12.31 Thus, in section ET2l 
we explain how Theorem 11.41 is deduced from Theorem 12.31 whereas the rest of Section 3 is 
dedicated to the proof of Theorem 12.31 

Section [4] is an appendix dedicated to the exact computation of <3? asserted in Proposition 
H31 



2. Preparation 



2.1. Technical Lemma. 

Lemma 2.1. For every K £ N and every (f-K, f-K+i, ■ ■ ■ > Ik) in M. 2K+l the following con- 
vergence occurs: 

K N x -, r . , K 



lim E 

N^oo 



E 



exp 



j=-K i=l 

where L® is the local time in of a Brownian motion (B s ) s>0 between and 1. 



j=-K 



(2.1) 



Proof. First, we prove the following intermediate result. For every K G N 

a*, ^ Ef~* m Ef =1 i { * =i} L = ( Ef=- K fj) Ll 



(2.2) 



For simplicity, we only prove that ^(Ei=i 1 {S i =o}> Ei=i 1 {S i =l}) converges in law to (L?, Lf) 
as N I 00. The proof for 2K + 1 levels is exactly the same. For this convergence in law, we use 
a result of [19], saying that we can build, on the same probability space (W, A, P), a simple 
random walk (5^) i>0 and a Brownian motion (i? s ) s >o such that P almost surely 



lim sup A=\Ui — L 3 n \ 

n ^°°je{o,i} v 



(2.3) 
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with Un = EILi ^-{Si=j} an d the local time in x of B between and n. The equation (|2.3p 
implies that ^ (U® — L^) and (U^ — L\) tend a.s. to as n f oo. Therefore, the proof 
of (|2.2p will be completed if we show that (L°,L*) converges in law to {L\,V\). By the 
scaling property of Brownian motion, we obtain that, for every n > 1, (L^,L^) has the 

same law as (L?,Lj /V ™). Thus, since Lf is a.s. continuous in x = 0, we obtain immediately the 

a.s. convergence of (L^, ) towards (L^, L?)- This a.s. convergence implies the convergence 
in law and (|2,2p is proven. 

Since the function exp(x) is continuous, (|2.2p gives us the convergence in law of Wn = 

exp(^EjL-/</jE^i 1 {S 1 =j}) to exp {{T,f=-Kfj) L i) as N T 00 • The uniform integra- 

bility of the sequence (W / Ar) Ar>1 will therefore be sufficient to complete the proof of Lemma 

We will obtain this uniform integrability if we can prove that supj V>1 E(W^) < oo. By the 
Holder inequality, it is sufficient to prove that for every b > and every j £ Z we have the 
inequality 

sup Ar > 1 ^(exp(^EiIll{S i =i})) < oo. (2.4) 

We let /c/v = Ei=i l{Si=o} an£ l T j = inf{n > 1 : S n = j}. Thus by the Markov property we 
can write 

&E£i !{*=,->)) ^^(exp^l^^Ef^.l^})) <£(e> W ), (2.5) 

and it just remains to prove that for every b > the sequence (-E[exp(6/c7v/v / ^V)]) Ar>0 is 
bounded from above independently of N. To that aim, we notice that k]y < k 2 N < A?" and 
write the obvious inequality 

E[exp(bk 2N /VN)] < £^P J e^ k+1 ) P{k 2N G [fcy^V, (fc + l)v^V[). (2.6) 

With the help of [9] we can compute an upper bound of P(k 2 N £ [ky/2N, (k + l)v / 2 _ /V[). 
Indeed, for every k < [yiV/2j we obtain 

max( [(fc+ljv^j,^) 

e [fcv 7 ^, (k + i)V2ivQ < £ p ^ = °) f ?ri wii.'&V ( 2 - 7 ) 

j=Lfcv / 27VJ 

The function x — > log(l — x) + x is decreasing on [0, 1) and consequently, for every j G 
{ [kV2N\ max( [(k + ljvWj , JV)}, we have log(l - j/N) - log(l - j/2JV) < -j/2N. 
Therefore, 

(l-^).-.(i-^) / < / _ (fc-l) 2 l 

Moreover [(& + l)v / 2~/Vj — |_/cv / 2 _ /Vj < V2N + 1 and there exists a constant c > such that 
P (SW = 0) < c/v / 2 _ /V for every iV > 1 . That is why, the equation (|2.7p becomes 

P(k 2N e [kV2N,(k + l)V2N]) <2cexp(-(fe-l) 2 /2). 
This results allows us to rewrite (12.611 as 

6(fc+l) 



^[exp^/v^V)] < Er=o 2ce 
and the r.h.s. of this inequality is the sum of a convergent series. Therefore, the sequence 
(Wn)n>o is uniformly integrable and the proof of Lemma |2. II is completed. □ 
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2.2. Excess free energies. We define the quantities ^jvC^, A, h) = $w((3, \,h) — Xh and 
$ t (/3, A, h) = $ t (/3, A, h) - Xh. They converge respectively to A, h) = $(/?, A, h) - Xh and 
^(P, X, h) = <£(/?, A, h) — Xh, which are called excess free energies of the polymer. Therefore, to 
decide whether the polymer is localized or not, it suffices to compare ^ or ^ with 0. Moreover, 
since 

EiLi K + h) = hN + o(N) when N | oo, P-a.s., we can subtract this quantity from the 
Hamiltonian (11.11) and associate with 

N K N 

H Nlx, h = -^E^ + h ^ + ( 3 £ £'/ Us. ,r 

i=l j=—K i=l 

with Aj = 1 if Aj = — 1 and Aj = otherwise. Similarly, ^t(P, A, h) is associated with 

H t % = -2A / l {Bs<0} (dR s + hds) + (3L° t , 
Jo 

and \E' and ^ are continuous, separately convex and non-increasing in h. Moreover ^ is non- 
decreasing in p. 



2.3. Technical Theorem. 

Remark 2.2. Stating Theorem 12.31 requires a slight modification of the Hamiltonian. In fact, 
let (Pi,/3 2 ) € M 2 and define 

h = {j G {-K, ...,K}: E(^') > 0} and i 2 = {j G {-AT, . . . , A} : E(^) < 0}. 
Then, if E(7^) 7^ for every j G {— if, . . . , if}, we define 

N N N 

H N'} M h = A £ £ Tft*=i} + A £ £ T^j) + A£(«, + ft)A<. (2.8) 
jeli i=l j'e/2 »=l »=l 

The associated free energy ^(Pi, P2, A, /i) is defined as in Proposition ll.il and satisfies A, /i) = 
*&(P, P, A, /i). Thus, in what follows, we will use the notation ^(/3i, P2, A, h) if /?i 7^ /3 2 , other- 
wise we will use A, /i). We let S = £i+£ 2 , with Si = T,jeh E (7i) and S 2 = Ej G / 2 e (Ti)- 

Theorem 2.3. Suppose E(j{) / /or every j G {—AT, . . . , AT}. If fa / 0, fo + 0, and 
(Mi>M2) G M 2 satisfy 

m > /3iEi + /? 2 £ 2 > /u 2 , 

and p > 0, h > 0, h > 0, A > satisfy (1 + p)h < h, then there exists ao > swx/i i/ia£ /or 
every a < ao 

4^(a/?i,a/? 2 ,aA,a/i) < (1 + p) §(>i,A,/i') (2.9) 
cr 

\&(/U 2 , A, /i) < ~t - ^(a/3i, a/3 2 , aA, a/i ) . 
a/ 

2.4. Conditions of finiteness for /i c and ft, c . 



One particular discrete model. We give here some more details about one particular case, 
namely K = and 7° = 1. We let £(A) = log(E(exp(AiUi)). The Jensen's inequality allows us 
to write 



A, h) < lim^oo ^ log A exp (E£i(C(-2A) - 2A/t)A i + /?£il 1 l{s i= o } ) • (2-10) 
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The limit in the right-hand side of (|2. lOj) is computed in [T7] and is equal to for h large 
enough, as long as (3 < log 2. This means that hc(\) < oo for (3 < log 2. In the same spirit we 
can let h tend to oo and write the lower bound 

A, h) > limjv->oo at log E exp {(3 Ya=i !{Si=o}) 1 {s l >o Vie{i,...,jV}} • ( 2 - n ) 
The r.h.s. of p. lip is strictly positive for (3 > log 2, and therefore hc(\) = oo when (3 > log 2. 

The continuous case. In the continuous case we can assert the following general result. 

Proposition 2.4. For every (3 £l we have Kc < oo. As a consequence, for every (3 E M and 
A > we have hc(X) < oo. 

The proof of this proposition involves the discrete case mentioned above and the Theorem 



3. Proof of theorems and propositions 

3.1. Proof of Proposition 12.41 In this section we assume that Theorem 12.31 is satisfied, 
since is non decreasing in (3, the proof of Proposition 12.41 will be completed if we can 
show that Kc < oo for all /3 > 0. Therefore, we let (3 > and for any h > 0, we let 

T(/?, h) = lim^oc j, logE [ exp ( - 2h £^ A, + /3 ££i l {Si=0 })] • (3.1) 

It is proven in [T7] that T(/3, /i) > when /i < n c {(3) and T(/3, /i) = when h > K c ((3). The 
critical value is also computed in [T7], i.e., 

k c ((3) = -(1/4) log(l - 4(1 - exp(-/3)) 2 ). (3.2) 

We recall the particular discrete case introduced in section [L3"l namely K = and 7^ = 1. 
We assume also that w\ is a Bernouilli trial taking the values 1 and —1 with probability 1/2. 
We let (3 > 0, h > and we can apply the second inequality of Theorem 12.31 to this particular 
discrete model with the parameters p = 1/2, fi2 = (3, (3\ = fa = 2/3 and h' = h/2. Since 
Si = 1 and £2 = in this case we obtain for a small enough 

1 + 1 

(0, 1, h) < *(2o/9, a, ah/2) . (3.3) 

Moreover, the equation (12401) gives ^(2a(3, a, ah/2) < T(2a(3, -C,{-2a)/2 + a 2 h/2). The equa- 
tion ([321) gives K c (2af3) = 4a 2 (3 2 + o(a 2 ) whereas -Q{-2a)/2 + a 2 h/2 = a 2 (h - 2)/2 + o(a 2 ). 
Therefore, by choosing h large enough and a small enough we have that the r.h.s. of (|3.3p 
is equal to 0. This shows that Kc < 00 for all (3 > and the proof of Proposition 12.41 is 
completed. 

3.2. Proof of Theorem [L4l 

Part 1: proof of the convergence (jl.lOp . In this section, we prove that the convergence (jl.lOp 
is a consequence of Theorem 12.31 This proof is divided into 3 steps. In the first step, we show 
that (|1.10p is satisfied when A>0, h > 0, (3^0 and every pinning reward 7^ has a non zero 
average. In the second step, we prove that the result can be extended to the case in which 
some jI have a zero average and consequently to the case (3 = 0. Finally, in the last step, 
we will consider the case h = 0. We recall that proving (jl.lOp with $ and $ or ^ and \& is 
completely equivalent. 
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Step 1. First, we consider the case A>0, h > 0, (3^0 and E(t^) ^ for every j G 
{—if, • • • , if}- We can apply the first inequality of Theorem 12.31 with the parameters p = 1/n, 
h' = h/(l + 1/n) 2 , fa = fa = and m(v) = /3£i + /3£ 2 + l/v (n and weN - {0}). It gives, 
for every integers n and u strictly positive, that 

Umsup a _ ^*(o/3,oA,a/i) < (1 + ±)%{»i(v), X, (1+1 ) n) . )- ( 3 - 4 ) 

At this stage, we let successively n and v tend to oo, and, by continuity of ^ in /i and /3 
we obtain lim sup a ^ l/a 2 ^ (a/3, aA, ah) < \P(/3£, A, /i). The lower bound is proven with the 
second inequality of Theorem l2.31 Indeed, if we choose ^(y) = /3£i + f3T>2 — l/v and keep the 
other notations, we obtain 

*(//2 A, h(l + i) 2 ) < (1 + I) liminf a ^o ^(a/3, aA, a/i). (3.5) 

We let n | oo, and after, we let u f oo. In that way, we can conclude that lim a ^o 1/a 2 ^ (a/3, aA, a/i) 
§(/?£, A, h) which implies (fTTTOl) . 

Step 2. We prove the convergence (jl.lOp when A>0, h > 0, /3^0 and there exists 
j G {-if, . . . , if } such that E(^) = 0. For that, we choose /U > and small enough, such that, 
E(t^ + u) for every j G {—if, • • • , if}- With these new variables we can use the result 
of Step 1 with S M = S + (2if + l)u. Since the free energy associated with the variables 
7^ + u is larger than ^, we obtain 

lim sup 4r^(a/3, aA, a/i) < lim 4r^«(a/3, aA, a/i) = *(/3(E + (2if + l)/i), A, /i). 

a^O a^ 

As VP is continuous in (3, we let u [ and write limsup a ^ l/a 2 ^(a/3, aA, a/i) < ^(/3S, A, h). 
Thus, it suffices to do the same computation with — u < 0, and we obtain the other inequality, 
i.e., 

liminf -^V(a(3,aX,ah) > lim ¥(B(E - (2if + 1», A, h) = §(/?£, A, a). 
a— >0 a 1 /u— >0 

Therefore, we can say that lim a _> 

As a consequence, (|1.10p is satisfied when the variables are all equal to 0. Therefore, it 
is also satisfied when = 0. 

Step 3. It remains to prove (jl.lOp when h = 0. Since ^ and 'F are non increasing in h, (jl.lOp 
with A > 0, /i > and /3 G R (proven in Step 2) implies 

1 1 
liminf -^^ (a/3, a A, 0) > liminf -^^(a(3, aA, a/i) = ^(/3S, A, h). 

We let h I and by continuity of ^ in h we obtain 

liminf \<S>(af3, aA, 0) = liminf -^*(a/3, aA, 0) > *(/3S, A, 0) = $(/?£, A, 0). 
a-+0 a^ a z 

To prove the opposite inequality, we just notice that $ is non decreasing in h. Effectively 

l(/3,A,o) = E E N 'J} } \ ih (-fi J2i=i ^i) j ( 3 - 6 ) 

and by symmetry of the laws of the random walk and of the variables {u>i}i=i 2 we can 
transform u>j in — and (Ai, . . . , Ajv) in (— Ai, . . . , — Ajv), without changing (13. 6p . It gives 

9&n I _ 8$jV 



9ft l(/3,A,0) ~~ (9ft 



(/3,A,0) 



Therefore, this derivative is equal to and since $at is convex in h, <J?at is non-decreasing in 
h. Then, the convergence of <&jv to <£ implies that F is also non-decreasing in h. The step 2 
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gives, for h > 0, that limsup^Q ^^(a/3,aX,ah) < $(/?£, A, /t). Since <3? is non-decreasing in 
h, the former inequality implies, limsup a ^ 4$ (a/3, oA, 0) < $(/3S, A, h). Then we let h j 
and the proof of the convergence (jl.lUp is completed. 

Part 2: proof of the convergence (jl.lip . In this section, we assume that Theorem 12.31 is sat- 
isfied. We consider (3^0. We prove the convergence (jl.lip by applying Theorem 12.31 with 
particular parameters. However we have to take into account the fact that there may exist 
j G {-K, . . . , K} such that E(^) = 0. Therefore, as we did in Step 2 of the proof of (jl.lOp 
we consider p > small enough, such that, + p) / and IE(7^ — u) / for every 

j G {— K, . . . , K}. Then, we use the result of Theorem 12.31 with the variables 7? + p for 
i > 1 and j G {—K, . . . ,K}. We denote by ^ the associated excess free energy and we let 
S M =E + (2K + l)/i. Then we denote p = 1/n, /ii = /JS^ + l/n, /i = (1 + 2/n)K^ , // = i^ 1 , 
Pi = (h = P, and A = 1. For a small enough, the first inequality of Theorem 12.31 gives 

^*,(aAa,a(l + f)^f^) < (l + ±)* + ±, l,tff ^) . (3.7) 

By definition of 2£c , the right hand side of (|3.T|) is equal to zero. Moreover \t < ^ for 

p > 0. Therefore, we have the inequality limsup^^ hf(a)/a < (1 + 2/n)i^f Efl+1/n . Then, 
we let n j 00 and /i | and since x — ► i£^f is continuous in /?£, the former inequality 
becomes limsup a _ >0O fhf (a) /a < It remains to prove the opposite inequality. To that 

aim, we apply the second inequality of Theorem 12.31 with the variables x — p f° r * — 1 anc ^ 
j G {— i^, ...,K} and with the parameters p = 1/n, U2 = /?£-^ — /i = K^ 2 — 1/n, 
ft = (K? 2 - 2/n)/(l + 1/n), /3i = /3 2 = /3, and A = 1. For a small enough we obtain 

i l,*f - J) < 1±J& ^(afta,^ (xf - 1)). (3.8) 

Therefore, since the l.h.s. of (j3.8p is strictly positive and since ^ > -0-^ f° r an u > 0, we 
can write the inequality lim infu^oo hf(a)/a > (K^-^ 1/n - 2/n)/(l + 1/n). Finally, by 
continuity of x 1— > if^ around /3S, we let n f 00 and u j and it completes the proof of (|l.lip . 

As in the step 2 of the proof of (jl.lOp . the case 7/ = for all i > 1 and all j G {—K, . . . , K} 
gives us directly (jl.lip in the case (3 = 0. 

3.3. Proof of Theorem [231 

Remark 3.1. We will only consider in this proof the case f3i > and 02 > 0. Indeed, if for 
instance /3j < 0, we transform all the variables (7? ){i>i,je/ 1 } into (— 7i){z>ije/i} and we take 
— /?i instead of 

First, we define a relation (previously introduced in [6]), which is very useful to carry out 
the proof. 

Definition 3.2. let ft k£ s(a,h, (3\, fo) an d 9t,E,s( a i h, (3%, fa) be real-valued functions. The re- 
lation f « g occurs if for every (3% > (3\, f3i > [3^, p > 0, and h > h > satisfying 
(1 + p)h < h, there exists 5o such that for < 5 < 5o there exists £o(S) such that for 
< e < £0 there exists 00 (e, S) satisfying 

limsup/ tj£i5 (a,/i,/3i, i 5 2 ) - + p)9t(i+ P ) 2 ,e{i+p) 2 ,S(i+ P ) 2 (a( 1 + p),h' , /3 3 , /3 4 ) < 

for < a < a (3.9) 
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In this proof we consider some functions of the form 

F t ,e,5{a,h,l3x,P2) =E jlog E (exp(aH tt£iS (a, h, pi, p 2 ))) 
and we denote 

• ^{(flj/i^^) = i?^\t/a?\ {a(3i,aP 2 ,a, ah) 

• F 7 £5 (a,h,(3 1 ,p 2 ) = * t ((3 1 Z 1 + [3 2 Z 2 ,l,h). 

The proof of (|2.9p will consist in showing that F 1 << F 17 and F 7 << F 1 (denoted by 
F 1 ~ F 7 ). To that aim, we will create the intermediate functions F 2 , . . . ,F& associated with 
slight modifications of the Hamiltonian to transform, step by step, the discrete Hamiltonian 
into the continuous one. As the relation ~ is transitive, we will prove at every step that 
F { ~ F i+1 , to conclude finally that F 1 ~ F 7 . 

3.4. Scheme of the proof. To show that F l « F i+1 we let H* = H 1 + H 11 and, by the 
Holder inequality, we can bound F l from above as follows 

Thus, if we choose H 1 = Hl^ +p)2 ^ l+p)2 ^ l+p)2 (a(l + p), h' , /3 3 , (5 A ), we obtain 
Fl^K^h))- {1 + p)Fl+l p?Al+p? 

< I(T ^- Ty E[log J B(exp(G(l + p-^H"))]. 

Then, it suffices to prove that limsup^^ 1/tlogEF (exp (a( 1 + p-^H 11 ))) < for a, e and 
5 small enough. 

We can assume without problem that e/a 2 , 5/e and t/6 are all integers. In this way we 
avoid the brackets in the formulas. 

3.5. Step 1. The first Hamiltonian that we consider in this proof is given by 

t/a 2 t/a 2 t/a 2 

H%/a, h, pi,p 2 ) = -2 Mm + ah) + p 1 ^Yl 7^=;} + & E E < ^=3}, 

i=l jeli i=l j<Eh i=l 

with A» = 1 if Ai = -1 and A» = if A* = 1. 

We define some notation to build the intermediate Hamiltonians (see Fig. 3). 

• cr = 0, Iq = and i v k+l = inf { n > ate/a 2 + 5/a 2 : S n = 0} 

• m = inf {k > 1 : i\ > t/a 2 } 

• ik = il f° r k < m and i m = t/a 2 

• a> + i = inf {n > : ife+i G ](n - l)e/a 2 , ne/a 2 ]}, 

• h = ]{(^k-i) s / a 2 , cr k e / a 2 ] n}0, t/a 2 ], s k+1 = sign A ife+1 _i. 



Fig. 3: 




I'm— 1 
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We define the first transformation of the Hamiltonian 

m r i t/a 2 



fc=1 «e7 fc i=1 ie/i 

and we want to show that i*i << i<2- To that aim, we denote 
rll _ o v^A* 2 



je/ 2 



(3.10) 



and it remains to prove that limsup^^ j log E'E(exp(a(l + p~ 1 )H 11 )) < 0. We integrate 
over the disorder 7 and the third and forth terms of the right hand side of f|3. lOj) give some 
contributions of the form 

ex P( Eje/ P E*=i logE[exp {{f3 p - (3 2+p )a(l + p~ X )^ )] l{s t =j}) for p = 1 and p = 2. 

Since E(exp(A|7^|)) < 00 for every j £ {— K, . . . ,K} and A > 0, we can write a first order 
Taylor expansion of logE(exp(j4a7^)) when a J, 0. It gives 



logE(exp (Aaj{)) = AaE(j{) + o(a) 



(3.11) 



We assume in this proof that E(t^) 7^ for every j £ {—K,... , K} (see the assumptions 
of Theorem \2.3\i and therefore {— K, ...,K} = I\ U I 2 . For every i S I\, E(t^) > 0, and 
Pi — k < 0- Thus, by (|3.1ip . we obtain, for a small enough, that 



E^ EtT iogE((A - A0«(i + p- x n) Ms i=3} < 0. 



(3.12) 



The sum over I 2 satisfies the same inequality for a small enough because j3 2 — 04 > and 
E(t|) < when j G /2- Therefore, we can remove the third and forth terms of H in (|3.10p 



and by rewriting Y^i=\ as Efc=i^ E?e7 fe ' we can rewrite H 1 



as 



H u =-2j2 E w * ( Ai - s *)-mi + p)h'J2 E ( Ai - - 2a ^ - 1 1 + ^')E E A * 

Thus, we integrate over the disorder w which is independent of the random walk. But, since 
K(wi) = and E(exp(A|wi|)) < 00 for every A > 0, a second order expansion gives that for 
every c G R there exists A > such that for a small enough 



logE(exp(caii;i (A; - s k ))) < Aa 2 \Ai - s k \ 



(3.13) 



Finally, we have to prove, for A > and B > and for 5, e, a small in the sense of Definition 
ELS that 



limsup^ilogl? exp(Az 2 £r=i a2 E ie 7 fc | s k - A, | -Ba 2 Yh=1 A< 



2 v^t/ ffl2 



< 0. 



(3.14) 



This is explicitly proven in [6j (page 1355), and completes the Step 1 because the proof of 
F 2 « F\ is very similar and consists essentially in showing (|3.14p . 
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3.6. Step 2. In this step we aim at transforming the disorder w into a sequence {wj)i>i 
of independent random variables of law A/o,i. To that aim, we use a coupling method de- 
veloped in [20J to define on the same probability space and for every j E N \ {0} the 
variables («^)ie{(j-i)e/a 2 +i,...,je/a 2 } and some independent variables of law A/o,i, denoted by 
( w i)ie{(j-i)e/a 2 +i,...,je/a 2 }i such that for every p > 2 and x > 



je/a 2 

E Wi-Wi 

i=(j-l)e/a 2 +l 



>^)<^EK). 



(3.15) 



These constructions are made independently on all blocs {(j — l)e/a 2 + 1, . . . , je/a 2 }. Thus, 
we can form the third Hamiltonian as follow 

t/a 2 



k=l 



ie7 fc 



+ E^ E t^ 1 ^} +&E ^^i- 



To prove that F 2 << F 3 , we need the Hamiltonian .fT^. It takes the value 

H " = H^ s (a,h, (3^(32) - H^ +p)2M1+p)2M1+p)2 (a(l + p),h' , (3.16) 
As in Step 1 (see (13.12P ) we delete the two pinning terms in H 11 and it is sufficient to consider 

m m 

H n = -2Y,s k Y,( w i - &i) + 2 °E Sk ( h P) h ')\ J k\ 

k=1 «e7fc k=1 
m , cr k (i+l)e/a 2 

< 2 E s 4 E E 

fe=l j=°fc_i+l i=je/a 2 +l 

We want to prove that limsup^^ 1/tlogEE 1 (exp (a(l + p~ 1 )H 11 ))) < 0. By independence 
of (w,w) on each blocs {(j — l)e/a 2 + 1, . . . , je/a 2 }, it suffices to show that for every C > 
and 5 > 

exp (Col Yh=i Wi~Wi\- Be) 



(h-{l + p)h')l). 



E 



< 1 for e, and a small enough. (3-17) 



We prove this point as follows, 



E 



exp (Ca\ E-ti W ~ M)] < Et=N e Ca{k+1) ^ p(| *H ~ *t\ > k±) + e CN ^ 



By using (|3. 15|) and the fact that K(w k ) < R k , we obtain that for every j and k > 1 

i=(j-l) e /a 2 +l y 

We consider ()3.18j) with N = 5, and we use f)3. 19|) to obtain 



(3.18) 



(3.19) 



E 



exp (Ca\ " t&i|)l < e 5C ^ + e S^L £+~ ( e ^ 



Therefore, for e > fixed, there exists K (e, a) > which tends to zero when a tends to zero, 
and satisfies 



E 



exp (Ca\ £-=i 



Wi-Wi\ 



< (1 + K(e,a)) e 5Ce ^. 



This implies (|3.17p , and completes the Step 2 because the proof of F 3 < < F 2 is exactly the 
same. 
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3.7. Step 3. In this step, we make a link between the discrete and the continuous models. 
For that, we take into account the number of returns to the origin of the random walk, and 
the local time of the Brownian motion. We define, independently of the random walk, an i.i.d. 
sequence (Zi)fc>0 of local times spent in by a Brownian motion between and 1. The law of 
this sequence is denoted by %■ Then, we build the new Hamiltonian 

H<$j{a,h,/h,{h) = -2ET=^k(Eiel k ^ + ^\h\) £^1*. (3.20) 



As usual, to prove that F$ << F±, we consider H , in which we can already remove the term 
—2a(h — (1 + p)h!) Y^k=\ Sk \ h \ because it is negative. Therefore we can bound H H from 
above as follows 



H 



n 



k=l jeh i=ife_i+l 



k=l 



'I: 



k=l jeh i=i&_i+l 



k=l 



To prove that limsup^^ j log Ep ( ^ x E(ex.p(a(l + p~ l )H H )) < 0, we first apply the Holder 
inequality (with the coefficients p = q = 2), and then we integrate over the disorder 7. 
Therefore, it remains to prove for x = 1 and 2 that 



limsup - log-Ep 0) 

t^oo t 



cxp 



m 

EE E 

k=lj£lx l=t k -l + l 



log E( exp (2^ (l + p' 1 ) 4 



l {Si=j} 



2/91 



x+2 



< 0. 
(3.21) 



For simplicity, in what follows we will use E instead of Ep® x . We begin with the proof of 
(|3.2ip in the case x = 1. To that aim, we recall (|3.1ip . that gives 

logE (exp foafa (l + p~ l ) 7 f)) = 2E( 7 >/3 1 (l + p" 1 ) + o(a). 



(3.22) 

Therefore, we can choose (3" such that (5\ < (5" < (3% and a small enough to obtain for 
every j £ I\ the inequality logE(exp(2a/3i(l + p' 1 )^)) < 2a(3"(l + p _1 )E(7i). Finally, since 

E(t^) > for every j, we can replace (ik)ke{i,...,m} D Y (*fc)jfce{i,...,ro} ( see the notation at the 
beginning of Step 1), and it remains to prove that for B > A > 



lim sup — log E 

t^oo t 



exp 



£(a,£e(tD £ 1 



k=l 



jeh 



{8i=j} 



BV5 Si l\ 



< 0. 



(3.23) 



For simplicity, we will use the notation E(7^J) = f(J), and consequently Ei = E,- e jj For 
every iV, we build a new filtration, i.e., = (^(A^ U c(7o • • • , £1 )) with = cr(Xi, . . . , X^) 
and the random variable 



Mat 



exp ( Zk=i Aa E ieJl /(j) 6 {iLi + 1, %} :S v =j}-BV5^ Zk=i € 



ft 



N 



£(exp {AaJ2 jeIl f(j)${i G {0, ^} : S { = j} - By/S^ 



N 



where p is a constant > 1. We will precise the value of p later, to make sure that Mn is a 
positive super-martingale with respect to (Fpf) N>0 . To that aim, for every j £ {—K, . . . , K} 

we introduce P 3 N = §{u £ {i-N-i + 1> z 1v) : ^ = ■?}> ano - we define the new filtration (Gn)n>i 
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by Gat_i = a(F]\f_i Uir^+i,...,^^,^)), Then, we consider the quantity 
E (Mjv|Fjv_i) and by independence of the random walk excursions out of the origin we obtain 



E(M N \F N ^) = M N _ 



(3.24) 



We define = inf{i > i v N _ l + (5 + e)/a 2 : Si = 0} and notice that tjy > «jv (see Fig. 4 for an 
example in which tjy > ijy) . 



Fig. 4: 



5/a 2 + e/a 2 





*AT-1 


in 


tN 










/ 








a 2 - e/a 2 




a N ^ie/a 2 + 6/a 2 





Therefore, we can write Pjy < -B^ ^ + N with 



^,7V={^ G • • • > *l-i+^ 5 } = 5«=i} and £?^={^ G + ^+ 1, •••,%} : 

(3.25) 



We denote by C the quantity F[exp(Ao X^ 6/l /(j) P J N -By/SEi l^)\F N - X \. Thus, since B{ 
is measurable with respect to Gjy-i and since FV-i C Gjy--i we can write 



A' 



C < E 



exp(Aa > ;/(j) 



5\/£Ei £f) E 



exp (Aa^/(j) 



Gn- 



E 



N-l 



We recall that A k = a(X u ...,X k ) and we let T = F(exp(Aa YLjeh 5 2,jv) I^W-i)- The 
fact that the local times ,1^) are independent of the random walk allows us to write 

the equality T = E(ex.p(AaJ2 jeh f(j) B 2,n) l^-i+( <5 + £ )/ a2 )' The stron S Markov property 
can be applied here. In fact, if (V n ) n >o is a simple random walk with Vq = + ^g +e y a 2, and 
if s = inf{n > 1 : V n = 0}, we can write 

T = E v [e W (AaZ J eiJtin {* G {1, ., s} : Vi = j})] . 

Thus, if we denote / = maxjg^j/j}, we can bound T from above as 

T < E v [exp (Aafl {» G {1, ■, s} : V t e {-K, . . . , K}})]. (3.26) 

We want to find an upper bound of T independent of the starting point S iN _ 1+ (s+s)/a 2 - The 
r.h.s. of (|3.26p is even with respect to the starting point, therefore we can consider that 
V is a reflected random walk. That is why it suffices to bound from above the quantities 
W(x,a) = F x (exp(Aa/tt {i G {1, .,s} : \Vi\ £ {0,...,K}})) with x £ N. Moreover, the 
Markov property implies that W(x,a) = W(K,a) for every x > K, and W(x,a) < W(K,a) 
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if x < K because the random walk starting in K touches necessarily in x before reaching 0. 
Therefore, we can write an upper bound of C, i.e., 



C < E 



exp(AaE i6/l /C7') B{,n ~ B ^^i l i ) l^-i W(K,a), 



and since the excursion of a random walk are independent we can assert that B{ N is inde- 
pendent of -F/v-i- Hence, 



E 



E 



exp (Aa£ jeIl f(j) ${i G {0, ^} : S t = j} - BV6 £i Zf) 



and (CO!) becomes E(M N \F N -i) < M JV _ 1 W(K,a)//JL. But W(K,a) tends to 1 as a | and 
becomes smaller than \x for a small enough. That is why for a small enough (Mat)tv>o is a 
super-martingale. Since the stopping time m t / a 2 is bounded from above by t/a 2 , we can apply 
a stopping time theorem and say that E(M m ) < E(M\) < 1. Then, to complete the proof of 
(I3.23p . it suffices to show that, for 5, e, a small enough the quantity Vs^ A , defined in (|3.27p . is 
smaller than 1. 



V 5 , e , a = ^[exp [Aa^jeh /CO «{* G I ' ^) : % = i) ~ l D 
We recall that the random walk and the local time l\ are independent. Therefore, 

V s , e , a = fiElexp {AaY.jeh /(?) tt{* e {0, ^} : ^ = j})Mexp ( - B^i l\) 



(3.27) 



By Lemma l2.1| we know that 



lim Vs, e ,a 
a->0 



fjiE [ exp(Av / 5T^Si E [ exp(-5 v^Ei . 



Since Si is fixed, it enters in the constants A and B without changing the fact that B > A. 
For every x in M we denote f(x) = E(exp(xl\)). The law of l\ is known (see [?]), and the 
derivative of / in satisfies /'(0) = E(l\) > 0. Therefore, a first order development of / gives 
f(AV5 + e) = 1 + f'(0)Ay/J+l + o(VJ+~e) and f(-By/S) = 1 - f'(0)By/s + o(V5). If we 
take e < 5 2 , we obtain 



f(AVsTe)f{-BV6) < 1 + /' (0)y/5(A VT+5 - B) + o{Vd). 



(3.28) 



Since B > A, the right hand side of (13. 28ft is strictly smaller than 1 for 5 small enough. 
For such a S, for e < 5 2 and for fx > 1 but small enough we obtain lim a ^o K5e,a < 1- As a 
consequence, for a small enough, Va j£j0 < 1. This completes the proof of (13.23p . and therefore, 
the proof of (13.2ip for x = 1. 

The proof of (|3.21j) for x = 2, is easier than the former one. Indeed, EW) < for every 
j E I2, and therefore, if we choose f3 ' such that > 0' > 04, the first order development of 
(|3.1ip gives, for a small enough, 

logE[exp(2a/3 2 (l + p- 1 hD] < 2a/3"(l + ^ 1 )E( 7 ^. 

By following the scheme of the former proof (for x=l), we notice that it suffices to replace 
{u G + 1, i v k } : 5 U = j} by {u G + 1, + (5 + e)/a 2 } : S u = j} in the definition 

of M^r. Moreover, there is no need to introduce \i > 1 in the definition of Mn, which is in this 
case a positive martingale. The rest of the proof is similar to the case x = 1. 

The proof of F4 << F3 is almost the same, we just exchange the role of 01,(^2 and (3s, #4 in 
the definition of if . Consequently, the role of A and —B in (|3.23p are also exchanged, and, 
as in the former proof, Lemma 1 2 . 1 1 implies the result. 
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3.8. Step 4. We notice that the quantities m, oj., 02, • • • a mi s ii s 2> • • • , s m can also be de- 
fined for a Brownian motion on the interval [0, f]. In fact, we denote <7o = 0,zo = 0, and 
recursively z^+i = inf{s > cr^e + 5 : B s = 0} while (Jk+i is the unique integer satisfying 
Zk+i £ ((ffe+i ~~ l)e>o"fe+ie] and s^+i = 1 if the excursion ending in Zk+i is in the lower 
half-plan, Sk+i = otherwise. Finally, we let nrit = inf{/c > 1 : > t} and z m = t. At 
this stage, we want to transform the random walk that gives the possible trajectories of 
the polymer into a Brownian motion. For that (as in [6]), we denote by Q the measure of 
(m t / a 2, oi, <7 2 , . . . <J m , si, S2, ■ ■ ■ , s m ) associated with the random walk on [0,t/a 2 ] and by Q 
the measure of (nit, &li &2, ■ ■ ■ , %j si, s 2l ■ ■ ■ , s m ) associated with the Brownian motion on 
[0,t]. 

As proven in [6] (page 1362) Q and Q are absolutely continuous and their Radon-Nikodym 
derivative satisfies that there exists a constant K' a s > such that for every 5 > 

Umlimsup< e5 = and (1 - K') m < ^ < (1 + K') m . (3.29) 

£-*o a^0 ' ' dQ 

We recall that \ is the law of the local times (l\,lf, ■ ■ ■ ,Vy)i which are independent of the 
random walk and consequently of Q. Moreover, = (ay. — <Jfc-i)e/a 2 . Hence, the equation 
(|3.20p gives that a ■ H^J s (a, h, (3) depends only on (m t / a 2, <ti, <t 2 , . . . a m , si, s 2 , . . . , s m ) and 
(l\,l 2 , . . . , I™). That is why, we can write 

F t % jS (a, h, ft , ft) = E [i log E X ® Q [exp(aflg^(o, fc, ft)] 

At this stage, we define -F5 by replacing the random walk by a Brownian motion, namely by 
integrating over % ® Q instead of x ® Q- We define 

H® s (a, h, ft, ft) = H^/a, h, ft, ft) + ± \og(dQ/dQ), 

and therefore, 

^(o, ft, ft , ft) = E [I log 2^ [e<M^«] ] = E [\ log E X ® Q [ e <i>> ^2)] 

Now, we aim at proving that F 4 << F 5 . To that aim, we calculate H 11 , i.e., 

n _ u( 4 ) /-„ i. a. a_\ h-(5) 



^ 5 (a,^/3i,/32)-fl" t y +p) 2 j£(1+p) 2 j(5(1+p) 2(a(l + p),/t ,ft,ft) 

-£ (fc - (1 + E™=i s fe(°"it - ^-i) e 

+ ((ft - ft)£i + (ft - ft)£ 2 )^ ELi if - spfey log S 



< -|(^ - (1 + EfcLl s k{°k - fffc-l)€ - ^j^y log 



We do not give the details of the end of this step because it is done in [6] (page 1361 — 1362). 
To prove that F5 << F4, we consider the density dQ/dQ in H 11 , and (|3.29p can also be 
applied. It completes the Step 4. 



3.9. Step 5. From now on, we integrate over x ® Q in F 5 and consequently the term 
log (dQ/dQ) does not appear in any more. In this step, transform the local times 

(l\, . . . , l\ , . . . ) into the local times of the Brownian motion that determines Q. We recall 
that Lt is the local time spent at by (B s ) s >q between the times and t. 
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But before, we define (R s ) s >o a Brownian motion, independent of B, and we emphasize the 
fact that, for every k G {1, . . . , m}, 



f ) Wi — R(T k e — Ra k - X £ 



and a 2 \I k \ = (a k - cr fe _i)e. 



iei k 

Then, we can rewrite the fifth Hamiltonian as 

H t%( a > h > Pli fa) = ~\ Y!k=l Sk(R* k e ~ Ra k - l£ + h(a k - cr fc _i)e) - 

We define the sixth Hamiltonian as, 

h, ft, ft) = -I J2T=i Uk {Ra k e ~ Ra k . l£ + h(a k - a k ^)e) 



(3.30) 



\Tsi\ 



(3.31) 



+ 



/3iS!+/3 2 S2 



At this stage, we notice that -F 5 and F G do not depend on a anymore. Hence, to simplify the 
following steps, we transform a bit the general scheme of the proof. In fact, from now on, we 
will denote, for % = 5, 6 or 7, 

4 M (/i,A,^2)=E[ilog^[exp(^ ie><5 (/ t ,/3 l! /3 2 ))]] (3.32) 
with H t e s (h, ft, ft) = a-£^ £ ^(/i, ft , ft). Therefore, to prove that F l « F J we use 

H n = i^ £(5 (/i,ft,ft) - T^^t(i+p) 2 ,£(i+p) 2 ,<5(i+p) 2 (^ ft), (3.33) 

and we show that limsup^^ 1/t logE£'(exp((l + p^H 11 ))) < 0. 

We want to prove that F 5 << F 6 but, by the scaling property of Brownian motion, it is 
not difficult to show that for i = 5 or 6 

Ht(i+ P )2,£(i+prAi+ P y( h > Pi, fit) = (1 + p)Hl,eA( 1 + p)h,Pi,P 2 )- (3.34) 
Therefore, by (|3.33p . we can write H u = h\ s {h, ft, ft) — H & teS {{\ + p)h!, ft, ft). Thus, since 
(1 + p)ti < h and — YlT=i s k( a k — &k-i) € < 0, we obtain 

m m 



k=l 



k=l 



+ ft£i (L t+S - L t ) + P2Z2V5 ^2%- ft£ 2 L z k ~ L Zk _, 

k=l k=l 

with Zj = Zj for every j < m and z v m = inf{t > cr m _ie + 6 : B t = 0}. Finally, by the Holder 
inequality, it suffices to prove, for B > A, that 



and 
and 



hm sup^ i log E [ exp {A E^=i - B ET=i L 4 ~ HJ 
lim sup^oo \ log E exp (A YIk=i L 4 ~ L z v k _ x ~ B EfeLi ) 



< 0, 



< 0, 



(3.35) 
(3.36) 



limsup^flog^exp^L^ - Lt))] = 0. (3.37) 

We denote by Ct the first time of return to the origin after time t. Proving (|3.37p is immediate 
because Ct is a stopping time with respect to the natural filtration of B, we can therefore apply 
the strong Markov property to obtain, for every u £ [t,t + 5], the equality E(exp(B(L t +s — 
L u ))\Ct = u) = E[exp(BL t +s-u)]- Thus, we can write 

rt+S 

E[exp(B(L t+s - L t ))] = J E[exp{BL t +s-u)]dC t (u) < E[exp(BL s )). (3.38) 
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This implies ()3,37p . and it remains to prove (|3.35p . and (|3.36[) . We define a new filtration, 
Fn = c(c((-Bs)s<2^) U a Q\i • • • i '1 )) • We notice that (z n )n>0 is a sequence of increasing 
stopping times, and consequently, Fn is an increasing filtration. We denote by Mn the quantity 



E[exp(-BL S + AVSl\)Y 



m n = v „r — ^ l% . ( 3 - 39 ) 



which is a super-martingale with respect to Fn. Effectively, L and (i*)fc>i are independent, 
(L s - L z ^) s > 2 ^ is independent of F N (because B z v n = 0) and L z -^ +j - > L z v n+5 - L z ^. 
Thus, since E(exp( - B(L z v n+s - L z v))) = E(exp(-B(L S ))), we obtain £ , (M/v+i|-fjv) < 
Mn- Moreover, wit is a stoping time with respect to Fn and is bounded from above by t/8. 
Therefore, to prove (|3.35p . it suffices to show (as in Step 3) that for B > A and 5 small 
enough, V = E[ex.p(AySl\ — BL$)] < 1. Moreover, L$ and y/6l\ have the same law and are 
independent. That is why we can write V = E[ex.p(Ay/6l\)]E[ex.p(—By/5l\)], which is strictly 
smaller than 1 for 5 small enough (as proven in Step 3). 

We prove (|3.36|) in a very similar way. Effectively, since L z ^ ^ — L z ^ < L z v^ + s+e ~ L x ^, we 
prove that the inequality (|3.35|) is still satisfied when A and — B are exchanged. Therefore, 
the proof of F 5 << F 6 is completed. To end this step, we notice that (|3.36p and (|3.35p imply 
directly that F e << F 5 . Thus, the proof of Step 5 is completed. 

3.10. Step 6. Let pi = /3iEi+/?2£2 an d ^3 = 03^1+ Pi^2- This step is the last one, therefore, 
the following Hamiltonian is the one of the continuous model, i.e., 

H^ >s (h,p 1 ,p 2 ) = -2 [ l {Ba<0} (dR s + hds)+ f x 1 L t . 
Jo 

For simplicity, we define ((f> s ) s e[o,t] by 4> s = Sfc for every s £ (cr^_ie, o^e]. In that way, 
Ylk=i s k(R<r kE - R<T ik _ 1)e + h(a k - cr fc _ 1 )e) = J 4> s {dR s + hds). Moreover, the scaling property 
of Brownian motion gives, for i = 6 or 7, 

Hfl +p)2Ml+f>rAl+p)2 (h^ 1 ,0 2 ) £ (l + p)H { ;l s ((l + p)h,p u p 2 ). 

Hence, to show that F G << F 7 , we consider (as in Step 5) the difference 

H H = H^gfaPufh) ~ T^- p ^l + p)2 i£ (l + p)2 >5 (l +p )2(/l ,/%, At), 

which is equal to Hf] s (h, ft, /3 2 ) - H?] S {{1 + p)ti , fe, At). Thus, we can bound H from 
above as follows 

H n = -2 I (<f> a - l {Bs<0} ) dR s - 2 I (h<l>s - (1 + p)h'l {Bs<0} ) ds + (/xi - p 3 )L t 
Jo Jo 

- 1 {B s <o}) dR s -2h (<f> 8 - l {Bs <o}) ds + {ji X - p 3 )L t . 
Jo 



H n < -2 



o 



We want to prove that limsup^^ j logE£'(exp((l + p 1 )H 11 )) < and after the integration 
over E, it remains to prove that for A > and B > and for 5, e small 

limsupilog^[exp(A/^|^-l {B . <0} |cfa-fli^)] < 0. (3.40) 



t— >oo 



As in Step 3 (see Fig. 4), we notice that between z^-i and Zf~, if we find an excursion of 
length larger than 6 + e, it is necessarily the one which ends at z k and gives the value of s&. 
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It means that, apart eventually from the very beginning of such an excursion (between Zk~\ 
and <Tfc_ie), Sk and <j) s have the same value along the excursion. Finally, we obtain 

Jo ^{BsKO} ~ 4>s\ds < P Q)t ,s, e + me, (3.41) 

where P u ,v,s,e is the sum between u and v of the excursion lengths which are smaller than 
5 + e. The term me allows us to take into account the formerly mentioned situation between 
z k -i and cr fc -ie. 

Thus, with (|3.4ip and the Holder inequality, we can show that the inequality (|3.40p occurs 
if, for 5, e small, we have 

limsnp - log E[exp(Aem - BL t )} < and limsup - log E[exp(AP 0tttS , t ~ BL t )} < 0. (3.42) 

t— >oo t t^oo t 

We begin with the proof of the first inequality of (13.42H . To that aim, we recall that, for every 
k < m, we have Zk > Zk-i + 5. Therefore, we can write 

Aem - BL t < Aem - B £™ =1 L Zk _ 1+s - L Zh _ x + B(L t+s - L t ). 

From the equation (|3.37p and the Holder inequality we deduce that the term B(L t+ $ — Lt) does 
not change the result. For this reason we just have to consider the quantity 1/t log E[exp(YlT=i Ae— 
B(L Zk l+ s — L Zk _ 1 ))} when t f oo. As in (|3,39p . we define the martingale 

M N = (^^exp (Ef=i^e " B(L Zk _ 1+s - L Zk _ x )) with V £ , s = E[exp(Ae - BL S )]. (3.43) 

Since m is a stopping time bounded from above by t/5, it is sufficient to show that V £ s < 1 
for 5, e small enough. It is the case because E[exp(— BL$)] < 1 for every B > 0. Therefore, we 
take e small enough and it completes the proof. 

It remains to prove the second part of f|3.42[> . Notice that Po,t,<5,e = Pz h ^,z k ,8,£ and 

that for every k < m P Zk _ lA ^^ < 2(<5 + e) (still because there can not be more than one 
excursion larger than 5 + e between Zk~i and Zk). Therefore, we obtain the following upper 
bound 

AP , tAe - BL t < 2A(5 + e)m-B ZT=i L z k -i+s ~ L Zk _, + B{L t+8 - L t ). 

As in (I3.37P the term B{L t +s — Lt) is removed, and it remains to consider 1/t log -EEfcLi A(e+ 
5) — B(L Zk _ 1+ s — L Zk _ 1 )] when t | oo. To that aim, we build again the martingale 

Mn = w!jW exp ( ^=x Me + 6)- B(L Zk _ 1+5 - L Zk ^ )) (3.44) 

with D €i s = E[exp(A(5 + e) — BLg)]. The term m is a bounded stopping time, therefore, 
it suffices to show, for 5,e small enough, that D e ^$ < 1. To that aim, we choose e < S, 
and it remains to consider the quantity E[exp(2A5 — BLg)]- Moreover, L$ =d VSL%, and 
if we denote f(x) = E[exp(xLi)], we can use a first order development of / in 0. It gives 
f(-BVS) = l-/'(0) J Bv / 5 + 6(^)v / 5 with /'(0) > and lim a ._ >0 fi(z) = 0. We also know that, 
exp(2A5) = 1 + 2A5 + ^(^^ with lim^^o £,2(x) = 0. Hence, for e < 5 and 8 small enough, we 
obtain E (exp (2A5 - BL&)) = exp(2A5)f(-BV5) < 1. The proof of F 6 << F 5 is exactly the 
same and the Step 6 is completed. 

4. Appendix 

4.1. proof of Proposition II. 51 

Proof. The computation of $ is based on the fact that §((3,h) is equal to the quantity 
h + lim^oo 1/t logE (exp (-2£r - (i)+/ftL?)), where r~(t) = jj l {Bs<0} ds. When < we 
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can conclude immediately that $>(/3,h) = h. Therefore, in what follows we consider (3 > 0. 
Moreover, the joint law of (T~ (t), Lt) is available in [16] and takes the value 

dP (r-(t),L»)M) = 1 {o<r<f} 1 {fe>o} 47r \ {t T _ T) i db dT - 

From now on, we will denote Rt = E (exp (-2hT-(t) +PLf)), and with ([HJ and the new 
variables s = r/t and v = b/yt, we obtain 

Rt = f °° Jo eM-2hst rf { ^ dsdv. (4.2) 

In this computation we delete the constant terms because they do not change the limit. We 
can write of (|4.2p as the sum of A\(t) = J^ 2 and A%{t) = Jy 2 - Then, we introduce the 
new variable u = s(l — s) in A\(t) and A^it), and we obtain 

A 1 (t) = ft Xp{h(V t rU - 1)t - ii) du and A 2 (t) = f} CxP (~ h( f^ +1)t -^ du. (4.3) 

It gives immediately the inequalities ^4i(i) < -Ai(t) + A% (t) < 2Ai(i). Therefore, instead 
of studying the convergence of 1/t log R(t), it suffices to consider 1/tlog S(t) with S(t) = 
v exjp(f3vy/i)Ai(t)dv. We apply the Fubini Tonnelli theorem which gives 

S(t) = J? /°° v exp faVf - jg) d„<fa exp(-to). (4.4) 

Thus, for every it G [0, 1/4], we change the variables of the second integral of (|4.4p . To that 
aim, we denote r = v 2 ju. After that, we transform the variable u into x = 4u, and we obtain 

SH) = \ £ '-^fSF 1 ^^f'^ dx eM-ht). (4.5) 

The constant factor 1/4 can be deleted and Thus, by considering (|4.5|) . for every e > 0, we 
can write the following lower bound, 

liminf^oo \ logS(i) + h> limhuV+oo \ [log / Q e ^^^^-du + log J °° e~£dr] > hy/1 - e. 

Thus, we let e tend to and we obtain 

lim inft^oo \ log S(t) + h>h. (4.6) 

But we can also bound liminf^oo j log S(t) + h as follows. The laplace method allows us to 
find the asymptotic behavior of Y(x) = J °° exp (/3ynci/2 — r/8) dr when x tends to oo. Since 
(3 > 0, it gives Y(x) ~ x ^oo cy/xt exp (/3 2 xi/2) with c > that depends on /? and we obtain 

lim inf^oo i log S(t) + h>llm inf^ I log £ cxp(/tf ^ + ^ ) da;. (4.7) 

With the formerly mentioned laplace method, we can find the asymptotic behavior of the 
integral of the r.h.s. of (|4.7p . As t tends to oo, it behaves as cfexp (t(j^z + a - )) A/* with 
d > 0. Therefore, we obtain 

lim inf^oo f log S(t) + /i > ^ + f . (4.8) 

Finally, gSD and (gSD give 

lim inf^oo i log S"(t) + h > max { ^ + , /i} . (4.9) 

Now, we want to show that the r.h.s. of (|4.9p is also an upper bound of the quantity 
limsup^oo 1/t log S(t) + h. To that aim, we use the fact that lim sup^^ 1/t log S(t) + h 
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is equal to the maximum of limsup^^ 1/ilog and limsup^^ 1/ilog J* . The same kind 
of estimates allows us to perform the computation. Hence, we have 

lim^oo \ log S(t) + h = max [M^ + \ y h \ . 

Finally, <£(/?, h) = h + lim^oo 1/ilog S(t), and therefore, 

$(h,P) = h if h>(3 2 and $(h,/3) = ^ + ^ if h < f3 2 . 

□ 
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